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Abstract 



L— series of two classical families of elliptic curves with complex multiplication are studied, 



> 
(N 

' formulae for their special values at s = 1, bound of the values, and criterion of reaching the bound 

I are given. Let Ed : = — Dx be elliptic curves over the Gaussian field K = Q(-v/— 1), 



with D = TTi ■ ■ ■ TTn or D = Trf ■ ■ ■ vr^vTr+i • • • 7r„ ( where tti, • • • , 7r„ are distinct primes in K. A 
formula for special values of Hecke L— series of such curves expressed by Weierstrass p— function 
are given; a lower bound of 2-adic valuations of these values of Hecke L— series as well as a criterion 
^ I for reaching these bounds are obtained; moreover the first part of the conjecture of Birch and 

^ , Swinnerton-Dyer is hence verified to hold for some of these curves. Let Ed'2 ■ = — 

^ ■ and Ed'a ■ y"^ = + 2^D^ be elliptic curves over the field Q(\/— 3) (with D = -ni - ■ ■ vr^, 

' where tti, • • • , 7r„ are distinct primes of Q(-v/— 3)), similar results as above for 3 — adic valuation 

are obtained. These results develop some results for more special case and for 2 — adic valuation. 



I. Introduction and Statement of Main Results 

Consider the two classical families of elliptic curves: 

Ei: y^ =x^ - Dx; 
E2: y^ = x' + D', 

here D, D' & Z are rational integers (but in the following we will generalize to the cases that 
D, D' are certain quadratic algebraic numbers). These elliptic curves have been studied broadly 
for a long time, having relations with many problems of number theory. For example, the curve 
*2000 Mathematics Subject Classification: Primary 11G05; Secondary 11G40, 14H52, 14G10, 14K22 



El correlates intimately to the problem of congruent numbers when D is a square in Z(see [Tun] ). 
These two families of elliptic curves E have complex multiplication by and respectively, 
their complex L— series (or L— function) L{E, s) could be identified with the L— series attached to 
certain Hecke characters (i.e. Grossencharacter) of the fields Q (\/— T) and Q (\/— 3) respectively. 
The "conjecture of Birch and Swinnerton-Dyer" (or " B-SD conjecture" , for brevity) asserts that 
the value of the L— series L{E, s) at s = 1 of an elliptic curve E, L{E, 1), is very important for 
the arithmetic study of the elliptic curve. A considerable of (numerical) evidences for the B-SD 
conjecture have been held up since it was published, most of them were from the above two families 
of elliptic curves as could be seen in the original paper of Birch and Swinnerton-Dyer [B-SD] , and 
papers of Razar [Razar ??] and Stephens [Ste] . In particular, if D is a perfect square of integer, 
then the B-SD conjecture predicts that L{Ei, 1) could be divided by a power of 2 (up to a multiple 
of an appropriate period of Ei) which depends on the number of distinct prime factors of D. For 
certain kinds of D', the B-SD conjecture has similar prediction for the curve E2 (see e.g. [Razar] 
, [Tun] , [Ste] ). 

In 1997, C. Zhao studied the problem of divisibility of L{Ei, 1) by powers of 2 under the 
new assumption D = Dq with Dq an Gaussian integer in the Gaussian field Q(^/—l). In fact, 
he studied the 2 — adic valuation of the value at s = 1 of the L— series of the elliptic curve 
El : Ip' = x'^ — DqX, Dq G Z[-v/— 1] (Actually, the value of the L— series should be divided by an 
appropriate period 0, of the elliptic curve first; this normally will not be mentioned again in the 
following as a default fact); he gave the rigorous lower bound for the 2 — adic valuation as well as 
a criterion of reaching this bound, and hence obtained nice results about congruent numbers and 
showed the first part of the B-SD conjecture is true for some elliptic curves E'j^^ over Gaussian 
field. 

In 1968, N. Stephens studied a case of the elliptic curves E2, i.e. E : = — 2^3^Df 
with Di G Z([Ste] ). He proved that if Di > 2 is a cube-free rational integer, then ip{Di) = 
is a rational integer (where Q is the period mentioned above, a constant 
expressed by Weierstrass p— functions), and 

3 divides ipiDi) = 3^/^dI^^L{E, l)/n (when 9\Di). 

In the present paper, we will study the two classical families of elliptic curves Ei and E2 
further on the base fields Ki = Q(\/— T) and Ki = Q(\/— 3) respectively, giving formulae of values 
of their L— series at s = 1, lower bound for their 2 — adic and 3 — adic valuations , criteria for 
reaching the bounds, and verify B-SD conjecture in some cases. 

Over the Gaussian field Q(\/— T), we will first study the elliptic curves Ed '■ = — Dx 
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with D = - ■ ■ TTn and D = irf - ■ ■ Tr^TTr+i • • • 7r„ (where tti, • • • , tt^ are distinct Gaussian prime 
integers in (when r = n, the second case turns to be the case studied by Zhao [Zhao] ). 

We will give a formula for the special values at s = 1 of the Hecke L— Series of Er, ( expressed via 
Weierstrass p— function), lower bounds for the 2 — adic valuation of the values, criterion of reaching 
the bounds, and show that the B-SD conjecture about the relation of the rank of the Mordell-Weil 
group and the analytic rank of the L— series is true for some elliptic curves Ed, by using our 
criterion and results of Coates and Wiles . 

Then over the quadratic field Q(\/^), we consider the two kinds of elliptic curves £?£)2 : 
y2 = 3.3 _ 2^33 1^)2^ . ^2 _ ^3 _|_ with D = TTi ■ ■ ■ TTn where TTi, • • • , TTn are 

distinct prime integers in K2 = Q(\/— 3)- Similar results as above (but for 3 — adic valuation) will 
be given. These results develop the results about the estimation of 2 — adic valuation for special 
value of L— series of Ed with D = Dq square in Gaussian field in [Zhao] . 

(A.l) Now let K = Q(-\/— 1) be the Gaussian field, Ok = Z(\/— 1) the ring of its integers 
(Gaussian integers), and put / = \/— T. Consider the elliptic curve 

Ed '■ = — Dx D = TTi - ■ ■ TTn, 

where vri, • • • , 7r„ are distinct prime (Gaussian ) integers in Ok = Z(\/— 1) and iTk = l(mod 4) 
{k = l, ■■■ , n). So D = l{mod 4) . 

Denote the set S = {tti, • • • , 7r„}. For any subset T of the set {1, • • • , n}, define 

Dt=YI VTfc, 5t = n ^ifc = D/Dt , 

feeT k^T 
and put -D0 = 1 when T = (emptyset). Let 

denote the Hecke L— series of V'Dt (omitting all the Euler factors corresponding to primes in S ), 
where '4)Dt is the Hecke character (Grossencharacter) of the field K corresponding to the elliptic 
curve Edt '■ = x'^ — D^x . For the special value Ls{iPdt' ^) above L— scries at s = 1, 

we have the following formula expressed as a finite sum of Weierstrass p— function p{z). 

Theorem 1.1 For any factor Dt of £) = tti • • • tt^ € Q{^/^) as above , let V'Dt be the Hecke 
character of the Gaussian field Q(-\/^ corresponding to the elliptic curve Edj. '■ = x^ — Dtx. 
Then we have 
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where 9 = 2 + 21, ^ denote the (generaUzed) quartic residue symbol, C is any complete reduced 
remainder-system of Ok modulo D, L^j = loOk is the period lattice of the elliptic curve Ei : = 



-i: 



dx 



\/x'^ — X 



2.6220575 ■ 



p{z) is the Weierstrass p— function associated to the lattidce L,^. 

Let Q2 be the algebraic closure of the 2 — adic (complete) field v = V2\s the normalized 

2 — adic exponential valuation of Q2 (i-C- V2(2) = 1). Fix an isomorphic embedding Q ^ Q2) 
where Q is the algebraic closue of the rational field Q. For any algebraic number a, let t'2(ct) 
denote the 2 — adic valuation of a. For D = tti • • • 7r„ as above, put 



For any Gaussian integers a, (3 which are relatively prime, put = , and define 

(1-ff) )/2, then 



2 ' \^/2' 



07 




a 


+ 

2 


7 




2 








(regard [— ]2 as a F2— value function). 

For D = TTi • • ■ 7r„, we define a F2— value function 5k inductively as the following : First put 

r 1, if V2{S*{D)) = {n-l)/2 ; 
^"^^^ 1 0, if V2{S*{D))>{n-\/2 , 

where n = n[D) is the number of distinct prime factors of D. Then for Gaussian prime integer tt 
with TT = l(mod 4), define si as a F2— valued function as follows: 



if t;2(7r-l) = 2 ; 
if i;2(7r-l)>2 . 



si(7r) = 

Finally define the F2— value function 5^ (A; = 1, 2, • • • ) as follows: 

<^i(7r) = si(7r) + ei(7r); 
and for D = - ■ ■ iTn (n > 2) , define 

(5„(D) = 5„(7ri,--- ,7r„) = £„(D)+ ^ 

0^rC{l,...,n} \k^T 



Dt 

T^k J 2 



5t{DT) , 



where the sum " is taken over the nonempty subsets T of {1, • • • , n}, and t = '^T is the cardinal 
of r. 
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Theorem 1.2. Let D = 7ri---7r2, where tt^ = l{mod 4) are distinct Gaussian prime 
integers {k = 1, - ■ ■ ,n). Then for the 2 — adic valuation of the values of the L— series we have 

n — 1 



V2 {LitPu, > 
and the equality holds if and only if 5n{D) = 1 . 
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Theorem 1.3. Let D = ipi-'-p^ = l{mod 4), where pk ^ 5{mod 8) are distinct 
positive rational prime numbers {k = I,-- - ,m). If Sn{D) = 1, then the first part of B-SD 
conjecture is true for the elliptic curve En ■ = — Dx, that is 

rank{ED{Q)) = ords=i{L{ED/Q, s)) = 0. (1.3) 
(where n is the number of distinct prime factors of D). 

(A. 2) Now consider the elliptic curves Ed ■ = x^ — Dx for D = Trf - ■ ■ Tr^TTr+i • • • 7r„, 
where tt^ = l{mod 4) are distinct prime Gaussian integers {k = 1, ■ ■ ■ , n). Similarly to tht 
above, let S = {tti, • • • , 7r„}. Write any subset T of {1, • • • , n} as T = Ti U T2, where 
Ti = r n {1, ■■■ , r}, Ts = T n {r + 1, • • • , n}. And define 

k STi fceT2 
^ D ^ ^ 2 2 

Dt = — = DtiDt2 Di = TTi ■ ■ ■ TTj. , D2= TTr+l • • • 7r„ , D = D1D2. 

^ Di ^ D2 



Dt, ' Dt2 

When T = 0(emptyset)( or Ti = 0, or r2 = 0), define Dt = I (or Dt, = 1, or Dt^ 
respectively). (If r = n, then Di = D, D2 = 1; and if r = 0, then Di = 1, D2 = D). 
For above D = - ■ ■ Tr^TTr+i ■ ■ - TTn, set S and T, denote 

Ai = TTi • • • TTr A2 = TTr+l ■ ■ ■ T^n A = TTi • • • TTrlTr+l ' ' ' T^n = A1A2 , 

At = TTfc • TTfc = AtiAts , Ati = TTfc , Ats = JJ TTfc. 

A ^ A A ^2 

At = -r— , Ati = -r — , At2 



At ' ^ Ati ' ^ At2 
Define Ag = 1. 

Let Ls{iPdt-' ^) denote Hecke L— series of ipOx (omitting all Euler factors corresponding 
to primes in S), where ipOx is the Hecke character of the Gaussian field K = Q(-v/^) corresponding 
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to the eUiptic curve '■ = — Dtx . By the definition we know 

r L{^D, s) \i Dt = D ■ ^ 
Ls{i^D,,s)=l L{^^^,s) n otherwise. 

L nk\DT 

Theorem 1.4. For any factor Dt = Dt^DT2 of D = irf - ■ ■ n'^TTr+i ■ ■ ■ nn G 1 as 

above , let ipDr be the Hecke character of the Gaussian field corresponding to the elliptic curve 
Edt • = — Dtx. Then we have 




where A = ?????????????????????????????????? 

C is a complete reduced residue system of Ok modulo A; 9 = 2 + 21, L,^ = loOk, and 
p{Z) are as in Theorem 1.1. 

Theorem 1.5. Let D = vr^ • • • vr^vrr+i • • • vr^, n, r are positive integers (1 < r < n) (If 
r = n then D = vr^ • • • vr^), vTfc = l{mod 4), are distinct prime Gaussian integers {k = 1, ■ ■ ■ , n). 
Then for the 2 — adic valuation of the values of the L— series we have 

v{L{i;jj, l)/u;)>--l. (1.5) 

(B) Now we consider the elliptic curves y^ = — D' over the number field K = Q(\/— 3) with 
complex multiplication by \/—3. Let r = (—1 + \/—3)/2 = exp{2iTl /3) be a primitive cubic root 
of unity, Ok = be the ring of integers of K. We will study elliptic curve 

where D = tti • • • 7r„, tt^ = l{mod 6) are distinct prime elements of Ok { k = 1, - ■ ■ , nO. 
Let S = {tti, • • • , TTn}- For any subset T of {1, • • • , n}, define 

keT k^T 

and put -Dg = 1 . Let ^£,| be the Hecke character of of K corresponding to the elliptic curve 

Ejj2 : y^ = x^ - 2H^Dl. 
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And let L5('0£,|, s) denote the Hecke L— series of '0/j2 (omitting all the Euler factors corresponding 
to primes in S). Then Ls{ipD2, 1) could be expressed by the Weierstrass p— functions as in the 
following: 

Theorem 1.6. For any factor Dt of D = tti • • • tt^ G Q(\/— 3) as above , let V'Df, be the 
Hecke character of the field Q(\/— 3) corresponding to the elliptic curve E^jz^ : = — 2^3^D^. 
Then we have 

where p{z) is the Weierstrass 

tfp— function associated to = uOk the period lattice of the elliptic curve Ei : = x""' — j , 
C is a complete residue system of Ok modulo D, uj = 3.059908 • • • is a constant, is the cubic 
residue symbol. 

Now let Q3 be the algebraic closure of Q3, the 3— adzccompletion of Q. Let be the normalized 
(3 — adze) exponential valuation of Q3 , i.e. ^3(3) = 1 . Fix an (isomorphic) embedding Q ^ Q3 . 

Theorem 1.7. Let D = - ■ ■ 7r„, where tt^ = l{mod 6), are distinct prime elements 
of the number field K = Q(\/— 3) {k = 1, ■ ■ ■ , n ). Then we have 

vsiHil^D^, l)/u)>--l. (1.7) 
Theorem 1.8. For D = tti • • • 7r„ as in Theorem 1.7, put 

Then we have 

71 — 1 

V3{S*{D)) > 

II. 2- Valuations of L— series of Elliptic Curves with CM by 

We need the following results : 

Proposition A Let E be an elliptic curve defined over the imaginary quadratic field K with 
complex multiplication ring Ok{ integers in K ). Assume its period lattice is L = ^Ok, G a 
complex number, cf) is the Hecke character of K corresponding to E, g is an integral ideal of K , Eg 
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is the subgroup of E consist of g— divisible points. Let B be a set of integral ideals of K relatively 
prime to g and 

{(tJ b e B} = Gal{K{Eg)/K), (if b ^ b', then ^ a^r) 



where 



( K(E,)IK \ 



is Artin symbol. Put p G C , and ^Ok = ^^i^ is an integral ideal of K relatively 

priime to g . Then 

{Re{s) > l + k/2 ), where A; is an positive integer, N denotes the norm map from to Q . 

L,&\ s) = - t{p)N{prr \ (Reis) > 1 + k/2) 

Hk{z, 0, s, L) = ^'i£±^, (i?e(s)>l + A;/2) 



\z + a\ 

where the sum J2' is taken over a e L = CIOk and a ^ —z when z e L [Go-Sch] 



Lemma B. Let elliptic curve E, field K, Hecke character 0, and g are as in Proposition 
A. If the conductor of divides g, then K{Eg) is the ray class field of K to the cycle (or divisor, 
modulo ) g (see [Go-Sch] ). 

Now we consider Theorem 1.1 and let K = Q(\/— 1) , Ed, Dt, and Ls{iI^Dt-> be as 

there. Then by definition (see [B-SD] , [Ire-Ro] ) we have 



Lemma 2.1. 



Hi^Dr^ if n TTfc = ; 

L{^Dr^ S) n (1 - (t)^ • I*f)' 



Proof of Theorem 1.1. For the elliptic curve Ed^ '■ iP' = 2;'^ — Dtx, assume its period 
lattice is L = $70^", with = oluj, a € (Obviously ^2 = uo/ \/Dt)- From [Bir-Ste] we know the 
conductor of V'Dt is [GDt)- Now, in Proposition A, let = 1, p = Q,/{9D), g = {0D), [) = Ok-, 
we have 

^) = i;^i(V'i^T(b)P,0,s,L), (iie(s)) > 3/2). (2.1) 
beB 
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Since the conductor of V'Dt is QDt-, and {9Dt) \ {dD) = g, so by Lemma B we know that the ray 
class field of K to the cycle {9D) is K{{EDj.)(eD))-: ™ particular we have the following isomorphism 
via Artin map: 

{OK/{eD)Y/,Xi ^ Gal{K{{En^)^gn))/K), 
where //4 is the group of quartic roots of unity, and 114 = {Ok/ 6)^ . So we could take the set 

B = {{c0 + D) I cGC}, (2.2) 

where C are fixed representations of {Ok/{D))^ , so we have 



L^ii^D^, s) = Yl Hi{^dAcO + D)p, 0, s, L), {Re{s) > 3/2) (2.3) 



Note that the analytic extension of Hi{z, o, 1, L) could be obtained by Eisenstein E*— (see [Zhao] 
or [We] ), i.e., Hi{z,0, 1,L) = E^^^{z,L) = El{z,L) , So by (2.3) we have 

^-§h9D0Dr, l)=J2El{^nAce + D))^, nOK). (2.4) 
cec 

Since D = l{mod 4), so + D = l{mod 9) for any c G C Thus by the definition of iI^Dt ^^'^ 
quartic reciprocity we have 



i^nAce + D)=( {c0 + D)= f ) {cB + D)=(^\ {c9 + D). 



c9 + DJ^^ ' V -Ct /4 V-Dt 

Then by (2.4) and the fact L(fiD){i^DTi ^) = ^s{i>DT'> ^^^^ 



Ls9o^, i) = gi;;((^ + ^)„(^)^, „.o,j. (2.5) 



PutA = a(^)^, by 

El{Xz, XL) = X-^El{z, L), 



we have 



^^,,CLO LU. f C0 \ f C9 \ _ , 1 ( C0 \ ^^,CU) CO ^ , 



So by (2.5) we have 



9D 

UJ 



Lsi^o.. i)^(^)^E(i)/;(^.^. .0.), (2.) 
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For the period lattice = uOk mentioned above, denote the corresponding Weierstrass p— function 
by p{z,L^), denote the corresponding Weierstrass Zeta— function by C,{z^L^), then we have 
p'{zY = 4p(z)^ — 4:p{z) . So by results in [Go-Sch] we have 

The representation system C of {Ok/{D))^ may be so chosen that — c G C whenever c G C . Then 

(sf )^ ~ 1^)4 ■ ^^"^^^ ■^'^) ^^'^ -^'^) functions, and p{z, L^) is even, so by (2.6) 

we have 



ceC 

1 -/ 



TT 



That is 



ceC 

By [Zhao] we know C,{%,L^) - ^ = f > so 



This proves Theorem 1.1. 



Lemma 2.2 . EceC (s?) 



4 10, if Tt^ 



Proof . By the definition of quartic residue symbol the lemma could be easily verified. 

Lemma 2.3 . Let D = vri • • • 7r„ where vr^ = l{mod 4) are distinct Gaussian prime {k 
1, • • • , n). Let c be any Gaussian integer relatively prime to D. Then 

(1) I] \ ^] = /^(l + -^)* 0' where /x e {±1, ±7}, t is a integer with n<t<2n. 
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(2) E(^)^ = ifandonlyif = -1 (for some A; G {1, • • • , n}). 

(3) Suppose that (t^)^ ^ ~^ arbitrary A; G {1, ■ • • , n}),then 



= A*(l + I)'^'^^, where fj, is as in (1) above, 

s = tl{7rfe : -KklD and (^fj-^^ = l, k = l,---,n}. 
In particular we know 

^(;^)^ = Ml + ^r ifandonlyif (^-^ j ^ g {/, -/}, k = l,- 
where the sum J2 is taken over all subsets T of {1, • • • , n}. 

T 

Proof . In fact we have ^ (^^j^ "("'""'" ('^)4) " ' ('^)4) ' ^^^^ which the results 
could be deduced. 

Lemma 2.4 . v {S * (D)) > {n - l)/2. 

Proof . By results of [Zhao] or [B-SD], we know 

V2 (p(^) -l)=l 

(for any Gaussian integer c relatively prime to D). And by Lemma 2.3 we have 



V2 



(Here we regard V2{0) as oo). Thus by properties of valuation and our choice of C with the property 
c, — c G C, we have 

V2{S*{D))>-1 + ^. 



since TTk = l{mod 4) (A; = 1, • • • , n), so 



N{Dt) = N{D) = {mod 8), ( —) = /(^(^t)-i)/4 ^ 

V-C'r/4 

Also we have 

n 

mK/{D)r =%C = - 1) = O(mod 8) , 

fc=i 

so we could choose C properly such that ibc, it/c G C (when c G C). Put 

y = {cGC : c=l(mod^)}, F' = F U /F, 
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then C = F' U {-V) . Since IOk = Ok, so IL^ = I{ojOk) = ujOk = L^- Thus by the 
definition of Weierstrass p— function, we could obtain 



'"--^ = (Tip + 5: ( (7j^ - 

' ' a&IL 



- - 



{z - q;')2 a' 



/2 



that is 



p{Iz, L^) = -piz, L^). 
In particular, assume z = then we have 



P 



Ic UJ 



1 



C ijj 

~d' 



cev 



P(^) 



CSV 



E p(£^) -/ (d^)^ + E _p(c^) _ , [dt), {dt) 



^E 

cev 



E 



4 J" 
/ 



P( 



^1 - T' 



Note that V2{p{ic oj)/D) - I) = 3/4, so we know V2(p((c + I) = 3/4 . Note also 



1 1 

+ 



^)-/ ■ p(^)+/ (p(^))2 + l ' 
1 1 21 



p{^)+I + 



±1 



so 



Since 



C UJ , 

~D'' 



MiPi^)? + 1) = Mpi^) V2{p{—) +^) = 4 + 4 = 2' 
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so 



V2 



113 \ 3 1 
- — , I =1 = — (and obviously we have v^iB) = 0) , 



therefore we have 
This proves the lemma. 



n n — 1 
2^2~ 2 



Proof of Theorem 1.2 . First let us prove 



n — 1 



Take sums for both sides of formula (1.1) over all subsets T of {1, • • • , n} , we have 



S f (^) /^fe.. 1) = 5 E E (i) ^ ^;i4yrj + i E E (i) 



y \ -I / 4 T cec 

so By Lemma 2.2 and (1.2) , we obtain 



(2.9) 



Also we have 



V 



> 3n - 2 > n , 



so By Lemma 2.4 we obtain 



V2 



By Lemma 2.1 we know Ls{iI^Dt^ 1) — ^{'^Di 1) when T = {1, • • • , n}; and when T = we have 

n 

LshpDr^ 1) = Ls{^l, 1) = 1) 11(1 '''^ ^ 



k=l 



=L(v;i,i)n(i--). 

By [B-SD] or [Zhao] we know i^('0i, 1) = a;/4, so 

n . 

M?i,i)=7n(i--)' 



k=l 
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V2{Lsii^iA)/io) =V2(]f\il-—)] >2n-2 (since i;2(7rfc - 1) > 2). 

Now we use induction on n to prove our assertion V2 [L{iIjj^, 1)/"^^) > If n = 1, then Z) = tti, 
Ls{ipi, 1) = (w/4) • (vTi — l)/vri. Since tti = l{mod 4), so V2 {^Ls{ipi, 1)/^^) > .By the above 
analysis we have 

therefore we have 

V2 (L(V^,^, = V2 (L5(?^„ 1)/^) > . 

Now assume our assertion is true for cases 1,2,-- - ,n — 1, and consider the case n, D = tti • • • 7r„. 
For any subset T of {1, • • • , ra}, denote i = tiT) = tJT, by Lemma 2.1 we know 

Since (DT/TTk)^ = ibl,ib/, so 

\ TTjfc y 4 TTjfc TTfe 

Note that TTfe = l{mod 4), so we know ^2(71"*; — m) ^ V^! rnoreover the equaUty holds if and 
only if {DT/Trk)i = -1 • Thus by our inductive assumption, we have 

i— 1 1,^ t — 1 n — t n — 1 

Also when T = we have 

L5(?D,, 1) = Ls(^i, 1) = 1) 11(1 - -) = 7 11(1 - -), 

k=l ^ k=l 

therefore 



— rj — 1 

^;2 (Ls(V'i,l)M >2n-2> ^ 



i;2 (^(^^^,1)/^^) =^;2 

VT V 0^TC{l,..,n} V y 



= V2 

n — 1 

> 

- 2 
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Therefore by induction we have proved our assertion that V2 {L{'^]^,1)/oS) > holds for any 
positive integer n. 

Now we consider the condition for the equahty holds, using induction method on n too. If 
n = 1, then D = tti, by (2.9) we obtain 



TTi /6'\ /-r i\ '^1 f \ T n*/ TTiTTi — 1 



that is 
Since 

^2 [ ^\~^ ) = V2{ni7n: - 1) - 2 > 1, i;2('5*(7ri)) > = (Lemma 2.4), 



so the equality 



V2 (L(V;,^, l)/a;) = V2 (^^ (^)^L,,(V.,, l)j 



^2(5*(7ri) + ^^l^-i(7ri-l) 



= 

holds if and only if one of the following conditions is true: 

(1) z;2(7ri-l)=2 when z;2(S'*(7ri)) > 0; 

(2) ?;2(vri-l)>2 when V2{S* {tti)) = 0. 
Thus we know 



V2 [L{iI;^^, l)/uj) = holds if and only if (5i(7ri) = si(7ri) + £i(7ri) = 1. 

Assume our result is true in the cases 1, • • • , n — 1, consider the case n, i.e. D = ni ■ ■ ■ TTn ■ 
When T = 0, we have 

LU \DtJ 4^ U \L)tJ 4^ W ^J-^ TTfc 



V2 { ^ (-^) Lsi^Dr, 1) j = «2 m^Pi, l)/a;) + J2 - 1) 



k=l 



1 " 

= 'y2(^)+X1^2(7rfe-l) 

k=l 

ft 1 

> 2n - 2 > n > — — . 
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When 7^ T g {1, • • • , n} we have , 



Df e 



V2 



V2 



UJ 



n 1 



Since {Dx/'KkiA = ilj =t-^) so 

r 



Therefore ^2 ^1 — ('^)^ ^) — I' ^'^^ equahty holds if and only if {DT/'Kk)^ = i-^j 
i.e. {DT/iTk)\ = —1, that is 



Dt 



l>2 



1. Thus 



1 



— if and only if 



Dt 



TTfc / 4 TTfe / 2 

By the proof of the first part of the Theorem we know 

V2 [Lii^Dr, 1)/^) > t{T) = ttT , 

and by our inductive assumption we know the equality holds if and only if St{DT) = 1, t = t{T). 
Thus 



D{ e \ 



and the equality holds if and only if 
to say the equality 



Dt 



t{T) - 1 n - t{T) _ n - 1 
2 ^ 2 ~ 2 ' 

1 ( for any 'Kk\DT) and StiDx) = 1 . That is 



holds if and only if 



Dt 



n — I 



II 



5i(L>T) = 1. 



For the elliptic curve Edj. ■ y — x — Dtx and Hecke characters i^Dtj by [Ru 1-2] we know 
L(^Dt^ 1)/0 G -fC = Q(7), also we have O = , so 



^(V'D., 1)/^ = (^^t)-' • LCV'D., 1)/ 



a; 
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i.e. L{il)j^^, V)/uj G K{-\/Dt)- Thus by Lemma 2.1 we know 



''■^k\DT 



and if V2 ( ^ (:^)^-^s(^z)t' 1) ) = V' t^^en we have 



where a^, G ii', and t'2(ay) = 0. (since f 2 ( D^' ) = \v2{Dt) = 0). For any subsets T and T' 
of {1, • • • ,n}, if V2{oi^) = ^2(0: ,) = 0, then it could be easily verified that 



V2 



Thus, consider the terms in the sum 



E 



07^TC{l,...,n} 



for any two terms with 2-adic valuations equal to (n— l)/2, the 2-adic valuation of their sum would 
be bigger than (n — l)/2. So when n > 1 we have 

Hence we know V2 [L{'il^^, l)/uj) = holds if and only if one of the following statements is true 



(1) V2{S*iD))>{n-l)/2; 

(2) v2iS*iD)) = ^. 

Statement (1) means that, when £n{D) = 0, in the sum 



0^TC{l,...,n} ^ 

the number of terms with 2-adic valuation (n — l)/2 is odd. The number of such terms turns to be 

«{« c {1,.. .„} . (^(-^^^i.fe^,!)] = IzA 



Dt 



-En 

0^TC{l,...,n} \7rfclDT 

= l{mod 2), 



Dt 



TTfe J 2 , 

5t{DT) 



5t{DT) = 1 
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we have 



Dt 

TTfc 



6t{DT) = l{mod 2). 



On the other hand, the statement (2) above means that, when £n{D) = 1, in the smii 



05^TC{l,...,n} 

the number of terms with 2-adic valuation (n — l)/2 is even, that is 



E n 

0^rC{l,... ,n} \7rfc|5T 



Dt 



(5t(L>r) = O(mo(i 2). 



We have 



TTfe 



StiDr) = l{mod 2). 



Mi^)=M^)+ E n 

05^TC{i,...,„} 

By the discussion above we know that V2 [L{tjjjj, = (n — l)/2 if and only if Sn{D) = 1 

This proves the theorem. 



Proof of Theorem 1.3. This theorem follows from above Theorem 1.2 and the main result 
of Coates- Wiles in [Co-Wi] . 

For elliptic curve Ed : = — Dx, with D = vrf • • • tt^tt^+i • • • VTn, where TTfc = 
l{mod 4) are distinct Gaussian prime integers { k = 1, ■ ■ ■ , n), we could prove Theorem 1.4 and 
Theorem 1.5 similarly as proving Theorem 1.1 and 1.2. 



III. 3- Valuations of L— series of Elliptic Curves with CM by 

Now assume the number field K = Q(\/— 3), r = (—1 + \/— 3)/2 = exp(27r//3) is a primitive 
cubic root of unity, Ok = is the ring of integers of / = . We now study elliptic 

curves with complex multiplication by a/— 3 and prove Theorem 1.6 and 1.7. 

Consider elliptic curve E = Ejj2 : y'^ = + D, D e Ok- Let iI^e/k be the Hecke 
character of K = Q(\/— 3) corresponding to the elliptic curve E/K (The discriminant of E is 
A{E) = -2^3^1)2) poj. any prime ideal p^6D of K, put 

A = NK/qip) + 1 - ti^(Fp), 
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where = Ok/p is the residue field of K modulo p, the symbol " Nx/q{-)" ( or " A''(-)" ) denote 
the norm map of ideals from K to Q, E is the reduction curve of the elliptic curve E modulo p. 
Then by [Sil 2] and [Sil 1] , we have 



^K/dip) = ^K/aitpE/Kip)), 



'^e/k{p) + '^e/k{p)- 



By definition, we know that the L— series Ed (omitting Euler factors corresponding to bad reduc- 
tions) is 

Ld{s)= \{{l-A^N{p)-^ + N{pf-^T' 



pt6D 



n (1 + (tJ^(Fp) - N{p) - l)N{p)-' + N{pf- 



2s\-l 



= n (1 - ii^E/Kip) + i^E/K{p))N{pr' + Ar(p)i-2^)-i 



pt6D 



= n (1 - k^E/K{p)N{p)-T^ • n (1 - i^E/K{p)N{p)-T^ 



Also by [Sil 2] we know , 



where p = (7r)and tt = l{mod 3) is a primitive prime element . So 



ld{s) = n 

prime n=l{mod 3) 



4L» 



TT 



4D 



TT 



^ + 7f A^(7r)-' + iV(7r) 



l-2s 



= n 

7r=l (mod 3) 



1 



4D\ 



IT 



TT 



4L>\ 



= L{s,iI;e/k) ■ L{s,iIje/k) ■ 
Thus, ignoring Euler factors corresponding to primes p\6D, we have 

Lois) = L{s,'iPe/k) ■ Hs,'iPe/k)- 



(3.1) 



Now assume D is a rational integer , Consider the elliptic curve Ed: = x^ + D, Del. 
For any rational prime pt6£), Ed has good reduction at p ( Since the discriminant of Ed is 
— 2^3^Z)^). Let Np = '([EDi^p), i.e. the number of Fp— rational points of the reduced curve Ed ■ 
We know 



19 



(1) when p = 2{mod 3), then Np = p + 1 ; 

(2) when p = l{mod 3), then Np = p+ 1 - {^)^7t - (^)g vf, 

where p = ttW = Nx/q{7t), tt G Z[r] and tt = l{mod 3) is a prime element ( see [Ire-Ro] ). 

Thus 

Luis)= n n (i-.(f) p-^-^(^) p-^+p--)" 

p=2{mod 3) p=l{mod 3)^ V/6 \/6 / 

n (:-^-^ ' 



prime nslimod 3) 



vrA (iV(7r))^ 



where the product ]^ is taken over primitive prime elements prime 7r(= l{mod 3)) of if = Q(\/— 3). 
So 

(TSl(moci 3) ^ / 6 V V 

where the sum S is taken over primitive integers a{= l{mod 3)) in K. 

Remark 3.1 . The Ld{s) in (3.1) denotes the L— series of E/K , i.e. Ld{s) = L{E/K,s). 
While the Ld{s) in (3.2) denotes the L-series of E/Q , i.e. Ld{s) = L{E/Q,s) . So if D is a 
rational integer, by these two formulae we obtain L{E/K, s) = {L{E/Q, s))^ (a square), and 

L{E/Q,s) = L{s,i;E/K) = L{s,1Pe/k) 
(ignoring Euler factors corresponding to primep|6Z)). 

Now assume D G Ok = '^[t], and D = l{mod 3) is a primitive integer , A is the square- free 
part of D, i.e. the product of all distinct prime divisors of D, and A = l(mod 3). Assume Ld{s) 
as in (3.2). Then For elliptic curve Ed ■ = + 2^D, we have 



CT=l{mod 3) 



Since (3, A) = 1, so a = v • 3A + 3/3 + A, where v is an algebraic integer in K = Q('\/— 3), /? 
runs over a residue system of Ok modulo A. By the cubic reciprocity we obtain 

fD\ {^\ 3A + 3/3 + A\ f3,6^^ 
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so ("^)g = ± (y^^ ' ^^^^ means the value of (-^)g depends only on /?, not on v. Thus 

a=l{mod 3) ^ ^ 



6 (^(^))^ 

Z)\ 3vA + 3i3 + A 



a=l{mod 3) ^ ^ 6 V M j 

_ ^ fD\ ^ 3?;A + 3/3 + A 



<^ / 6 iV(3i;A + 3/3 + A)^ 



^ ^ ,DAy^JV(3»A + 3/J + A)' 



So we have 



The function Ld{s) defined by these formula is convergent for Re{s) > |. 

Now consider the analytic extension of the above L— series Ld{s). we could analytically extend 
it near to s = 1, and express it as a finite sum. First, for the period lattice L = Ok = Z + Zt and 
z e C — L, Define the following series as in [Go-Sch] : 

' ' aeL-{0} I I I I \ / 

This series is convergent and defines an analytic function for Re{s) > ^ , , and tl){z,s,L) is 
uniformly convergent to <^(z,L) (the Weierstrass Zetafunction over the period lattice L) when 
s ^ 1 , that is 

*.i.i) = i4+ E (7^-1^(1-- 

' ' Q;eL-{0} 



_1 (_l 1 



Also when Re{s) is sufficiently large, we know that 

a . x-^ 1 a 



|q,|2s and 

aeL-{0} ' ' aei-{0} 



are absolutely convergent, so their terms may be re-arranged. Now we show that when Re{s) is 
sufficiently large we have 

Ea 1 ^0 fS 5) 

aeL-{0} ' ' aeL-{0} ' ' 
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In fact, we know that the unit group of Ok is {±1, itr, ±t^}, and the series is absolutely convergent, 
so in the summation over the integers a, we could first add all the terms corresponding to the 
associates zta, zbra, ztr^o; of an integer a. Obviously l^uap* = \a\'^^ (for any unit of K). Since 



-a = —a, — ra = — ra, — r^a = — r^a. 



so 



a —a ra —ra r'^a —r^a 

"I ToT" "I ToT" "I ToT" 1 o ToT ~^ "I o ToT" '-^* 



laP'^ I — ap* Irap'^ I — raP* Ir^aP* I — r^aP* 



Therefore we have 



Similarly, by 



5^ laP* ^' 
aeL-{o} ' ' 



—a a ra a —ra a 
—a a ra a —ra a' 



r^a a — r^a a 



and 1 + r + = 0, so we know 



+ - + — + + ^ + — 5- = 2(1 + r + T^) • - = 0, 



—a a TO. —ra T^a —T^a a 
Thus we have 

El a ^ 
r-n7 • - = 0. 
a6L-{0} ' ' 

Therefore, when Re{s) is sufficiently large, by the series (3.4), defined above we have 

aeL ' ' QeL-{0} ' ' aeL-{0} ' ' aeL-{0} ' ' 

=^p{z,s,L)+{i-s)z y: (]vRF- 

That is 

E = V'l^- ^> ^) + 6^(1 - ^)Cx(5) (3.6) 

aeL ' ' 

where Cx('S)is the Dedekind Zeta-function of the number field K = Q(^/^) Since il){z,s,L) is an 
analytic function in the area Re{s) > \, and C,k{s) is an analytic function for Re{s) > 1, so 
the right side of formula (3.6) gives an analytic extension for the series X^agL i^^"^^ (to the 
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area Re{s) > 1 ). Now transform the right side of formula (3.3) as follows: 

SUA + 3^ + A 



3A 



3A 



By the analytic extension of (3.6) we could obtain the analytic extension of 



E 



v + 



3A 



and hence obtain the analytic extension of Ln{s) as the following: 



3A 



3^ 

u 

3/3 

'd 



E 



3vA + 3/3 + A 
iV(3uA + 3/3 + A)^ 



3A 



N{3Ay 



E 



U + 



3/3+A 
3A 



A^(3A)^ 



V^(| + i .,L) + 6(| + i)(l-.)a(.) 



By class number formula of imaginary quadratic field ( see e.g. [Wa], [Zhang] ) we obtain 



lim(s - 1)Ck{s) = ^ • h{K) = ^ = 
s^V 6^3 6^3 3^3 



Thus let s — > 1, we obtain 



3A 



iV(3A) 



■ , ,/3 1 2tt .13 1, 



Also we have iplz, 1, L) = (,{z, L), therefore 



(3.7) 



By results in [ Ste ] we know , the Weiestrass p— function corresponding to the period lattice 
L = Ok = Z + is Q,^p{Clz), where function p{z) satisfies p'{z)'^ = 4p(z)^ — 1, and the 
corresponding period lattice is Q,Ok = 3.059908 • • • ). And we have the following formula : 



C(ai + a2 = C(ai + C(a2 + ^ • 7775-^ TFT^' 

2 p{ilai) - p{ila2) 



(3.8) 
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Thus 



Also by [ Ste ] we know 
Proposition 3.1 . 



\/3, = 1, so we obtain the following Proposition : 



Let D = l{mod 3) be a primitive integer of Ok- Then for the elliptic 



curve Ed y"^ = + 2^D, the L— series Lois) 



-^Je' TWW ^^^'^'^ ^® analytic 

a=l(mod 3) 

extended via the series ip{z,s,L) and Dedekind Zeta-function Ck{s) , and we have 



C(^) + C(3)+2 



- 1 



x/3^A^3^ 



(3.9) 



Remark 3.2 . By formula (3.9) in the above Proposition 3.1 , we could in particular obtain 



the corresponding result in [Ste] on L— series L£)[s) for elliptic curves : 
with D rational integer ). 



2^3^D^ ( 



Now we turn to prove Theorem 1.6 . Under the assumption of Theoreml.6 we have the 
following lemma by the definition of the L— series: 



Lemma 3.1 . Ls{i^£,2 ,s) = < 



if 



n 

(Dt\ Tf^ A 



otherwise . 



y2 = x3 - 2^S^D^ 



T ' 



assume 



Proof of Theorem 1.6 . . For the elliptic curve £^£,2 
its period lattice is Lt = cotOk ■ Since the class number of K = Q(\/— 3) is a hx = 1, by 
[Sil 2] we know that all elliptic curves defined over C with complex multiplication ring Ok are 
C— isomorphic each other. So their period lattices are nomothetic each other. We know the elliptic 
curve corresponding to the lattice Ok, denoted by C/Ok, has complex multiplication ring Ok- 
Therefore every elliptic curve E over C with complex multiplication ring Ok has period lattice L 
nomothetic to Ok, i-e. we always have L = POk (for some /? G C^). Thus for the above elliptic 
curve Ejj2 and its period lattice Lt = utOk, we may assume u>t = aruj, ckt € (In fact, it's 
easy to see that lot = lo {2^/3 ^/D^)-'^ , i.e. ckt = 1(2^3.^^)-^). By [Ste, P.125] we know that 
the conductor of V'Df, is \/— 3Dt or 3Dt - Therefore, in Proposition (A) above, putting k = 1, 
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P = '^^ ^ = Ok, = (3D), (f) = tpjj2, we obtain 



L.ii^Dps) = ^i/i " As,Lt , {Reis) > 3/2) 



Since the conductor / of V^o^ divides {SD) = g, so by Lemma B above we know the ray class of 
K to the cycle (modulo) Q is K{{Ej-,2^)(^^£)^), In particular, we have 

{Ok/{SD))'' /nQ^Gal(^K{{Ejj2)^3r>^)/K^ {via Artin m&p ) 

where fie = {±1, itr, ±t^} and fiQ = (0/^/(3))^ . So we may take the set B = {(3c + 1?) : c € C}, 
where C is a reduced residue system of Ok modulo D i.e. a representative system for Cis {Ok / {D))^ ■ 
Thus 

p - sr^ f V'oa (3c + D)u;t \ 
^L,{i;^2^,s) = E^i y 3^ ,0,s,u;TOKj , {Re{s) > 3/2) 

Note that Hi{z,0,l, L) could be analytically continued by the Eisenstein function ( see [ 
We 2 ] ): 

Hi{z,0,l,L) = E*{z,L) = El{z,L). 



Hence we have 



that is 



-L,{4.^.,l)=^El[ - ,u;tOk], (3.10) 

f^D^{Sc + D)aTu; \ 

Ls{i^Dp 1) = ^1 3^ ' '^^^ • 

cec V / 



P 

3D 



Since D = l{mod 6), so 3c + D = l(mod 3) for any c G C Thus by the definition of V'd2, S'ld the 
cubic reciprocity, we have 



Note that Lg(V'£)2 , 1) = Ls{ip£)'^, 1), so by (3.10) we have 



3-0 . 



M^i.^,l)=E^l*((^ + |)«^(:|:)3' «TC.O;,^ (3.11) 
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Let X = aT (^'^^ ' by formula El{Xz, XL) = X ^El{z, L), we obtain 



= A-'i;;(( „-+ 3) . i. 



So by (3.11), we have 
3^ 

UJ 



3 c ec 

By [Go-Sch, Prop. 1.5] we know 

El{z,L) = Ciz,L) - zs2iL) -zAiL)-'^ 

where 



c(.,L) = l+ J2 + i + 

z V z — a a a'^ ) 



aGL-{0} 

is Weierstrass Zeia— function, an odd function. For 



SoiL) = hm a \a 

aeL-{0} 



we have 

L) = + a, L) - C(z, L) , L) = OiS2{L) + , 

( for any a G L), r/ is a quasi-period map corresponding to L. The Weierstrass p— function 
corresponding to the period lattice L^^ = u Ok is 

p(z,Lj : p'{zf =Ap{zf -I, 

and in this case 



I !/ I I I J I I I I I \ > I 1 I I (J/ II / I \ / . \i I 



27r/ 27r/ 27r 

Also obviously we have ^ L(^, therefore by [Sil 2 p. 41] we know 

r7(a;,L^) =2C(|,La;) rj{io, L^) = coSiiL^) +ioA{L^)-\ 
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Thus 



So 



Therefore 



Put 2 = ^ + ^, we obtain 



That is 



+ 



( ( ao (c ijj a7T\ 



D 3 u \ D 3 

2-K ( ( (XO ijj 



..cw ^ , „, c ^ , 27r , c c, 



-2(;^4)«|,M + ^(^-|) (3.13) 

Now let us show C(f , -^^tj) and -^^w) are equal. In fact, by formula (3.2) in [Ste, P.126], for any 
rational integer D{3\D)^ we know 

3Au + 3ct + A 

, > - 

3 



M.)^E(5)3 S 



weQ(r) 



iV(3Att + 3(j + A)''- 



3A 



A^(3A)^ 



cr 1 



KDJs A 3 



a 1 



\DJ3\A 3 



Let s — 1, since hm (s — = and il>{z,s,L) is convergent to ^(2;, i^) uniformly ( 

S — ^1 oV'J 

when s — 1), so 



3A 



3^'A 3' V3 
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Put u = /9/3A, p' = p + 3A, p = 3(7 + A, then we have 



1 

3A 
1 

3A 
1 

3A 



27r 



27r 



-V^A^SA^ V3^ V^VaVSA 



E 



a 



V3 



27r 



L>y3 V3A 



y^^\DJ3\3Aj V3 



27r 



E 



DJ3 



therefore we obtain 



that is ^{u + 1) = ^(u) + Similarly we could obtain ^(it + r) = ^{u) + -^t . Therefore 
we have 

Ott 27r 

Ciu + 1) = + , C(« + r) = + (3.14) 

where ^{z) is the Weierstrass Zeta— function with period lattice L = Z + Zt = Ok- 

In formula (3.14), Let u = —1/2 or — ^. Since ^{u) is an odd function , we obtain 



a-) = — 

^^2' V3 



T TT 



therefore 



that is 



(3.15) 



Also by [Ste, P. 127] we know, 



so by the formulae 



(3.16) 

p"{z) = 6p{zf - \g2 2Q{2z) - 4C(z) = ^ , 
2 p'{z) 



( see [Law], P.182), let z = lo/3, we obtain p"{u/3,L^) = 6p(a;/3)^ = 6, so 

2C(2a;/3, L^) - 4C(u;/3, L^) = -6/^3 = -2^3, 
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i.e. C(2u;/3, L^) - 2C(a;/3, L^) = -VS . On the other hand, in formula (3.14), let u = -1/3, we 
obtain ^(-1/3 + 1) = C(-l/3) + 27r/^/3, i.e. ^(2/3) + ^(1/3) = 2Tr/V3. Also we have 

C(2a;/3, L^) = u - 1^(2/3), CW3, L^) = a;-^C(l/3), 



so 



which gives 



This gives the solution 



C(2a;/3, L^) + C(a;/3, L^) = 27r/(V3a;), 
C(2a;/3, L^) - 2C(u;/3, L^) = -VS. 



.,oj ^ , 27r 1 ^,2a; ^ . A-k 1 



Also by the formula ( see [Law] ): 



C(^l + 22, -Z^cj) = C,{zi,Luj) + C,{Z2., L^) + 



1 p'{z^) - p'{z2) 

2 p{zi) - p{z2) 



we obtain 



''^i?' "^^3V3a; V3 2 p(^,L,)-l 



substitute this into (3.13), we obtain 



+ -^,L^) - a^,L^) + iTiJ + 7! + 2 pi^,L^) - 1 
,c 27r,c c, 

^^D' "^ + 2 p(^=^,L,)-l +V3 VSu'd 



Now substitute this into (3.12), we have 



c ec 



c 



rr— r 1 p'i^^^oj) + -\/3 1 27r _c_ 
^^1?' "^ + 2 p(^,L,)-l +V3 V3a;'D 



29 



Since D = tti • ■ • 7r„ with tt^ = l{mod 6), so we may choose the representatives C for 
{Ok/{D))^ in such a way that — c G C when c G C. Obviously (—c/Dt)3 = (c/-Dt)3 ■ Also since 
^(z, and p'{z,Li_^) are odd functions , and p(z, L^,) is even function, so 

= y^(^] -1 = 

Therefore , 

This proves Theorem 1.6. 
Lemma 3.2. 

' ttC if T 



if Tt^ 



c ec 

Proof . This could be verified by the definition of cubic residue symbol( see [Ire-Ro] ). 

Lemma 3.3. E (5^)3 = • 2*, 
where fj, G {±l,±r ± r^}, t = tt{7r : tt = l(mod 6) is a prime element, 7r|£), and (c/tt)^ = 1} , 
c G Ok and -D are relatively prime. 

Proof . By Yl (yV:^^ ^ ^ ^ ('^)3) ' " " (-'^ + ('^)3) definition of cubic residue 

symbol, the lemma could be verified easily. 
Lemma 3.4. 

(l)J]2-*('^) r-^") =(-r2)*- .3*1(1 -r)*^+M ; 
^ ' V ^ V^A"l (l-r^+*^-(-r7^^ if 



t-j- + t~2 = n . 



(3) EE2"-*^^^(7f) =2'^-«C- 

T .fir' \^TJz 



T cec 

where c G Ok, and are relatively prime, the sum E is taken for T runs over subsets of 

T 

{!,■■■ ,n},t = t{T) = ttr( but t = when r = 0), 



c \ , / c 



.2 
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ti + tr + = n . 

Proof . Note that 




Then by the definition of cubic residue symbol and Lemma 3.2, we could obtain the results. 

Lemma 3.5 . For the Weierstrass p— function p{z, L^) in Theorem 4.3.1 and any c G C, 
we have 

^3(p(^, l:)-i) = \. 

Proof . We need the following two lemmas from [Ste , P. 128]: 

Lemma (C). Let A be a square- free integer in K = 3) relatively prime to \/— 3, 

j3 G Ok is relatively prime to A . And 

f A2/(A^-i) if A is a prime ; 
\ 1 , otherwise . 

Then (^(A)p(/3a;/A) is a unit. 

Lemma {D). Let r > be a rational integer. Assume /3, A, and 7 are integers oi K = 
Q.{\f—^) 1 both A and 7 are relatively prime to \/— 3, and/3 is relatively prime to A. Let A = 
i(l - 3^-''), <^(A) be as in Lemma (C). Then 

3- V(A) {p (/3a;/A) - p {^u:/{^Y) } 

is a unit. 

Now wc turn to the proof of Lemma 3.5. In Lemma let r = 2, 7 = —1, A = D, 
P = c, then A = 1(1 — 3^~^) = |, and we know 

is a unit. <f{D) = </?(A) is as in(C). Since p (— = p{u!/3) = 1, so 

Thus we have f 3 = 0, and 

^3 [p[^)-l)=vs{3s^{D)-^9) = ^. 
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This proves Lemma 3.5 



Proof of Theorem 1.7 . For each subset T of {1, • ■ • , n}, multiply the two sides of formula 
(1.6) in Theorem 1.6 by 2"~*(-^), and then add them up, we obtain 

Then by Lemma 3.4(3), we have 

By Lemma 3.4(1) we know, 

J2 2"-*m (—^ = {-ry^ . 3*1 (1 - r)*-+M , 

Note that 1 — r and are associated each other (Both are prime elements in Ok), so V3{1 — t) = 
vsiV—S) = \ . Hence 



Also we have U C = {''^kT^k ~ 1); so by the assumption we have V3{^ C) > n, therefore 

fe=i 



/ 2" , 3 , n 



"HwS-«"j^"-5^2-i („>i) 

SO by Lemma 3.5 we know that the first term in the right side of (3.18) has 3— adic valuation 
^S-5-5 = f- i>f-l - Therefore the right side of (3.18) has 3- adic valuation > f - 1. 
Hence 



V3 



Also by Lemma 3.1 we know that if T = {1, • • • , n} then L s{il^ d^,-, 1) = L{ijjjj2, 1) ; and if 

r = then Lsi^D'' , 1) = Ls{i^i, 1) = Hi^i, 1) ft f 1 - ^) ■ Pfom [Ste] we know 

fe=i ^ '''' 
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where V'l is the Hecke characters of the number field K = Q(-\/— 3) corresponding to the elhptic 

curve E: y'^ = - 2^3^ . Thus -Ls(V'i, 1) = ft fl " ;r) • we have 

fe=i ^ ''^ 

^3 1)M = V + Pjsi^k - 1) 

3 n 

>rz-->--l ( Since V3 {iTk - 1) > 1) 

Now we use induction method on n to prove (L(^^2, > § — 1 . when n = 1, D = tti, 

andL5(V'i, 1) = ^uj(l-^y Since 'y3(7ri - 1) > 1, so 

vs{Ls{^^, l)/a;)>l-^ = -^. 



Also we have 



Therefore 



„3(ia;, 1)/-) ="3(^(1^)^^?.;. 1)) >-5 = 5-i- 



Assume our conclusion is true for 1, 2, • • • , n—1, and consider the case n, D = tti • • • 7r„. For any 
nonempty subset T of {1, • • • , n}, put t = t{T) = (t T, by Lemma 3.1 we know 

Hence 

= i;3(L(V^^2,l)/a;) + 2Z ^3 ■ 



Note that T is a proper subset, by induction assumption we have V3 ^L('0£,2 , l)/a;^ > — 1. 
Since ("^f ) ~ °^ ''"^ (since 7rjk|Z)r), so 

-^3 (1 - ( — ) — ) = vai-^k - 1) , ni-^k - t) , or vs^TTk - r^) > 1 , ^ , or ^ . 



thus 

n - t{T) 



^ ( TTfe )3 TTfe) 



> 
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Therefore 



Also when T = 0, we above have proved 
Therefore 



3 



?^3 



vTC{l,...,n} 



- 2 



This proves our conclusion by induction, and completes the proof of Theorem 1.7 . 

n 

Proof of Theorem 1.8 . Since TTfc = l{mod 6), ft C = H (^fc^fc ~ 1) = 0{mod 6), so we 

k=l 

may choose the set C, in such a way that itc, itrc, itr^c G C( when c G C). That is, when c G C, 
then all its associated elements are in C . Let V = {c & C : c= l{mod 3)}, Then 

C= U /xF . 

;i e {±1,±t,±t2} 



Since 



P 



p(rz, L^) = p{tz, tL^) = \p{z, L^) = Tp{z, L^) 



r2' 
1 
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c ev 



V^T J ■ 



+ 



c ev 



T c 
2 



W, 



+ 



Dt 



1 ■ r p(^^, L,) 



+ 



1 ■ r2 p{^, L^) - 1 



+ 



+ 



3 

3p 



if =r' 



if 



^f {-6,), 



p(^),then 



'c a; 



1 



c a; 



^ -i = - =- p^^i +(1-^ 



c w 
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so by Lemma 3.5 we obtain 

^3 (r p (^) -l)=v, (r' p (^) - l) = .3 (p (^) - l) = ^ 

thus 

^;3(C/(p)) = 3i;3(p(^)-l) =3-^ = 1 . 

Also we have 



■U3 

therefore 

n n — 1 



^^3 



This proves the Proposition 
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